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Quantization of Yang—Mills Theory
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The canonical formulation of a constrained system is discussed. Quantization of
the massive Yang—Mills field as an application of a field theory containing
second-class constraintsis studied. The set of Hamilton—Jacobi partial differential
equations and the path integral of these theories are obtained by using the
Muslih method.

1. INTRODUCTION

The generalized Hamiltonian dynamics describing systems with con-
straints was initiated by Dirac [1, 2] and is widely used in investigating
theoretical models in contemporary elementary particle physics [3, 4]. The
presence of constraints in such theories requires care when applying Dirac’s
method, especially when first-class constraints arise, since the first-class
constraints are generators of gauge transformations which lead to the gauge
freedom. Dirac showed that the algebra of Poisson brackets determines a
division of constraints into two classes. so-called first-class and second-
class constraints. The first-class constraints are those that have zero Poisson
brackets with all other constraints in the subspace of phase space in which
constraints hold; constraints which are not first-class are by definition sec-
ond-class.

Most physicists believe that this distinction is quite important not only
in classical theories, but aso in quantum mechanics [3, 4].

In the case of unconstrained systems, the Hamilton—Jacobi theory pro-
vides a bridge between classical and quantum mechanics. The first study of
the Hamilton—Jacobi equations for arbitrary first-order actions was initiated
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by Santilli [5]. The quantization and construction of the functional integral
for theories with first-class constraints in canonical gauge was given by
Faddeev [6]. Faddeev's method is generalized by Senjanovic [7] to the case
when second-class constraints appear in the theory. Moreover, Fradkin [8]
considered quantization of bosonic theories with first- and second-class con-
straints and the extension to include fermions in such gauges. Gitman and
Tyutin [3] discussed the canonical quantization of singular theories as well
asthe Hamiltonian formalism of gaugetheoriesin an arbitrary gauge. Recently
the Hamiltonian—Jacobi approach [9—-11] has been developed to investigate
constrained systems. The equivalent Lagrangian method [12] is used to obtain
the set of Hamilton—Jacobi partial differential equations (HJPDE). In this
approach the distinction between first- and second-class constraints is not
necessary. The equations of motion are written as total differential equations
in many variables, which require the investigation of integrability conditions.
In other words, the integrability conditions may lead to new constraints.
Moreover, it is shown that gauge fixing, which is an essential procedure to
study singular systems by Dirac’s method, is not necessary if the canonical
method is used [11]. The path integral formulation based on the canonical
method is obtained in refs. 13—15.

In this paper, we shall treat massive Yang—Mills theories as constrained
systems. The path integral is obtained by using the Senjanovic and the
canonical methods.

2. PATH INTEGRAL FORMULATION

In this section, we briefly review the Senjanovic method and the Hamil-
ton—Jacobi method for studying the path integral for constrained systems.

2.1. Senjanovic Method

Consider a mechanical system with m first-class constraints and 2n
second-class constraints. Let the first-class constraints be called ¢,, the sec-
ond-class constraints 8,, and the gauge conditions associated with the first-
class constraints x,. Let the x, be chosen in such away that {xa, xo} = O.

Then the expression for the Smatrix element is [7]

out|Siin) = J exp{ J " (p& - H) dt} [du(a®.p0) @

[

where H is the Hamiltonian of the system and the measure of integration is
defined by
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du(g, p) = l;[ 3(Xa) d(¢a)|det|{ Xa, @a} |l

X U 3(0)|det][{ 6, O} [[[2 H dp; day )

2.2. Muslih Method

One starts from singular Lagrangian L = L(q, ¢, t),i = 1,....,n,
with the Hessian matrix

2
A= -2E 3

0G0
of rank (n — r), r < n. The generalized momenta p; corresponding to the
generalized coordinates g; are defined as

aL
= a=112...,(n—r 4
Po = 55 (-1 (4
aL
=— =n—-r+1,...
Py o%, pw=n-—r+1, ,n (5)

where ¢ are divided into two sets, g, and x,,. Since the rank of the Hessian
matrix is (n — r), one may solve Eq. (4) for g, as

qa = qa(qtv ).(pu pa: t) (6)
Substituting Eg. (6) into Eg. (5), we get
pp. = _Hu(qii ).(M’ Pa; t) (7)

The canonical Hamiltonian Hy reads
Ho = —L(Gi, X, Oa; 1) + Palla — X, H, v=12...,r (8)
The set of HIPDE is expressed as

H&(xﬁ,qw:—i,;—)azo, o,B=01,...,r 9

where
Ho = po + Ho (10)
HL =p. + Hy (11)

We define p; = 090, Xi/0%z and p, = 990 X4]/00, With o = t and S
being the action.
Now the total differential equations are given as
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oH,,

dg, = — 12

% = 5o (12)
oH,,

dp, = —>d 13

Pa = 5., (13)
aH,,

dps = ot dx, (19)

oH,,
dz=|—-Hy+ pa—]d 15
( p. apa> X (15
where z = S(X,, 0.). These equations are integrable if and only if [11]
dHy =0 (16)
dH;, = 0, pw=12...,r a7

If conditions (16), (17) are not satisfied identically, one considers them as
new constraints and again consider their variations. Thus, repeating this
procedure, one may obtain a set of constraints such that all variations vanish.
Simultaneous solutions of canonical equations with all these constraints pro-
vide the set of canonical phase space coordinates (0., ps) as functions of ty;
the canonical action integral is obtained in terms of the canonical coordinates.
H,, can be interpreted as the infinitesimal generator of canonical transforma-
tions given by parameters t,, respectively. In this case the path integral
representation can be written as [13—15]

n-p ta aH!
(out|Siny = J IT dg? dp? exp{J (—Ha + Pa —“) dta} (18)
a=1 te apa

a=1...,n—p a=0n—-—p+1...,n

In fact, this path integral is an integration over the canonical phase-
space coordinates (7, p?).

3. AN EXAMPLE

As an example, let us consider the Lagrangian density for the massive
Yang—Mills theory as

e=- %1 FLOFE) + % MPALIAL) 19

In Eq. (19), F¥¥(X) is given by the formula
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FE'() = oA(X¥) — 9"AE() + fug, ABOAI(X) (20)

where f *BY are the structure constants of the Lie algebra and g represents the
coupling constant.
The momenta ', w0 are defined as

[ R— ot — 0i
Mo = a( _u) Fa (21)
and
0o 9 _ 22
T )

is the primary constraint. _
Equation (21) leads us to express the velocities A* as

Aix = [,n.:x - a|A2 + gfuB'yAgAly] (23)
The Hamiltonian density is given by

H = 2 i — i 0,8 — gfe®vml, AQAY

2
1 ikpt_l‘ 2702 1— 202
+4FaFlk 2M +2MA(x (29)
Making use of (9)—(11), we find for the set of-HIJPDE
Ho=Ho+ w5 =0 (25)
Hi=m§=0 (26)

where

Ho = J [% miary — a0 A8 — of “PYm ABAY

+ 1 FfFg — 1 M?2A% + 1 MZ2AZ | d3x (27)
4 2 2

The equations of motion are obtained as total differential equations
follows:

aH} aH]

dAL(X) = pyrs dt + Py dA§

= [m(x) — 3iAB(9) + gf*FYAB()AY(x)] dt (28)
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Lo oMy L aHi
dm(x) = — A dt— - A dA§
= [gf “Pry()AY(X) — M2AX(X)
— WFE0) — FE)gfF"AR(X)] dt (29)
_aHp . oH:
dno(x) = g dt 2R dAg
= [gim () — gf Py (AY(X) + MPAY(X)] dt =0 (30)
dmg(x) = _aa_r:g, dt — aa—kt'l dAg = 0 (31)

To check whether the set of equations (28)—(31) is integrable or not,
let us consider the total variation of Eg. (25). In fact,

dHY = dH, + dmg (32)
= —(arm, — gf*VAYT, + M2AQ) dAg = 0 (39)

Making use of (15), (25), and (33), we can write the canonical action inte-
gral as

. 1. 1 . .
z= f [Tf'a/-\" =5 MaTe ~ s (i — gRPYAYT)

X (9l = f M) — > MPALAL — 5 FinFan} 0% (38

Now the S'matrix element is given by

!

(out|Sin) = J dA, d!, exp[i f (—Ha + Pa aH"‘) dta]

aPa
o _ _ 1
=JﬂdA;dwgexp|J{ng§*—§w;wg

1

BETVE (9, — gfPYAYTy)

X o - g - SaA - FRmEg | @9
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Now we will apply the Senjanovic method to the previous example.
The total Hamiltonian is given as

Hy = f (% mt el — w0 Ay — of B, ABAY

+%FL§F&—%M2A22+%M2A‘(§) dx+ A1 (36)
where )\, isaLagrange multiplier to be determined. Imposing the consistency
condition 7, = 0 leads to

{ma, Hi} = aymy, — of“PYmp A + M2A (37)
as a secondary constraint. Imposing the consistency condition

{am, — gfPrmp A + M2AQ, Hi} = 0 (38)
we arrive at the result

M2\, + {gim, — gf*PrmyAY, Ho} = 0 (39)

which determinates A, and no further constraints arise.
Making use of (18), we obtain

(outlginy = J [T DAD, [ DmODA? det(M?1)

X [1{8(nQ) 8(ar, — gf®"Avml + M2AD)}
X exp{l J [ngg + w A — > Ty Ty
~ (A0 — OIABAT) + 2 MPALA;

~ % FiF gm} d4x} (40)

Integrating over A2, and w2 one can arrive at the result (35).

4. CONCLUSION

Path integral quantization of a massive Yang—Mills field is obtained by
using the canonical path integral formulation [13—15], since the integrability
conditions dHg and dH; are satisfied. This system is integrable, hence the
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path integral is obtained directly as an integration over the canonical phase
space coordinates (', Al). In the usual formulation [7] one has to integrate
over the extended phase space (w8, A2, =, Al) and one can get rid of the
redundant variables (2, A%) by using delta functions §(w?) and §(o; ), —
of “FYAYm + M2AD).

As a conclusion, the Muslih method is simpler and more economical
there is no need to distinguish between first and secondary constraints, and
there is no need to introduce Lagrange multipliers; all that is needed is the
set of Hamilton—Jacobi partial differential equations and the equations of
motion. If the system is integrable then one can construct the canonical
phase space.

One should notice that for f*#Y = 0 (« takes a single value) the results
obtained here reduce to the case for a massive vector field in electromagnetic
theory [15]. The results for M - 0 reduce to the case for a free field in
electromagnetic theory [14].
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